-
=
N
I
=

A collection of graded

mathematical problems for
secondary school students

Oliver Wilson




Jon O’Neill & Oliver Wilson, Problem Solving Wall 200

Foreword

Problem Solving Wall 200 is a collection of mathematical problems suitable for using
with secondary school students.

The problems are a mixture of old classics, ancient riddles and modern-day puzzles.

We apologise for not naming or knowing the authors of these problems. Many are
reconstructed from the vaguest of our memories. Others are listed on internet sites and
often unattributed. Of note, the textbook ‘Moscow Puzzles’ contains many of the
problems collected here. The collected works of Martin Gardner and Tony Gardiner also
contain dozens of problems in this collection.

The level of mathematics required to access a problem can be approximately
categorized by the following ratings:

Key Stage 2/3
ey Stage 3
PR AT ey Stage 4
(ey Stage 4/5
ey Stage 5

This is really a very rough guide — and no doubt some of the problems will have been
rated inaccurately by us.

No solutions are included. And hopefully most of the problems do not have easy to find
solutions on the internet. This is intentional and it is hoped that the discussions and
levels of ‘proof’ that students demonstrate with their solutions will be the better for
there being no easy answer to hand.

It is a known phenomenon that some problems will appeal greatly to a solver whilst
others simply hold no interest whatsoever. For that reason, we have found it profitable
to display 20 or so problems at a time on classroom ‘problem walls’. Students simply try
a problem if it grabs their attention.

Also, we feel that students should not be assessed using these problems. The
satisfaction that students get from completing a problem is reward enough. And failing
at solving a problem is surely not possible. Simply engaging with the problem,
persevering, and thinking deeply and creatively about a solution can be of great
enjoyment. We have found that some of our students now share our passion for
mathematics through attempting to solve our problem walls and we hope that more
students will now have access to these classic problems through this modest collection.

Jon O’Neill and Oliver Wilson, Cairo, June 2014
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PRAGIAT

Earth's Circumference

At noon on the summer solstice the Sun

is directly overhead in Syene (Aswan),
whilst at the same time the Sun’s

elevation in Alexandria can be measured Alexandria

(with a stick’s shadow) to be 7.2 degrees. ,
Tropic of Cancer

Estimate the Earth’s circumference if the
distance between Syene and Alexandria

is 5000 stades (1 stade = 157.5 metres) quator

Sudoku (hard)

9

Fill in the grid so that every row,

every column and every 3 x 3 box
contains the numbers 1to 9
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* *
Eight Cubes

You have eight cubes which are identical except in colour.

Two are red, two are blue, two are green and two are yellow.

In how many different ways can these eight cubes be assembled

to make a large cube?
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PRR RS
Cube in a Sphere

A sphere passes through the eight corners of a cube of side 10 cm.

Find the volume of the sphere.

PRORORS
Bridge and Torch

A group of four people need to cross a bridge.

It is night-time and it is necessary to use a torch. The group has only one torch.
Also, the bridge is only strong enough to carry the weight of two people at a time.
The four people walk at different speeds and can cross the bridge in 1, 2, 5and 10

minutes respectively.
When two people cross together, sharing the torch, they walk at the speed
of the slowest person.
How quickly can the four cross the bridge?
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Special Offer

A can of soup carries a ‘special offer’ token.

When four tokens have been collected they can be

exchanged for a free can of soup.

If you buy 64 cans of soup, how many free cans of
soup will you be able to obtain?
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*
1000 term Series

Work out
1000—-999 +998 - 997 +996—-...+4-3+2-1

No calculator necessary!

* %
Alphabet Product

Using the substitution a=1, b=2, c=3, ..., z=26

evaluate the 26-term product

(@a=0)0b-x)(c—x)..(z=x)
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Perimeter of Hexagon

The squares in this diagram

have unit length.

What is the perimeter of
the hexagon?

Million Billion, Trillion

How many days would it take you to count from one to one million?

How many years would it take you to count from one to one billion?

How many centuries would it take you to count from one to one trillion?
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*
Mean, Median, Mode

Find the unique set of whole numbers which have a

mean average of 4, a median average of 5 and

a mode average of 1.

PRIAGAS

Table and Boxes

The diagrams show a table with two identical wooden blocks.
Calculate the height of the table.

4

40 cm
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*
Writing to 1000

If you were to write down all the counting numbers
from 1 to 1000, how many digits would you write down?

What if you were to write all the numbers from 1 to 100007

*
How Many Triangles?

How many triangles are there

in this diagram?
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Overlapping Triangles

Two congruent equilateral triangles are /\
placed on top of each other so that the

overlap forms a regular hexagon.

Each of the triangles has an area of 24 cm?

Find the area of the hexagon.
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Codebreaker

Y
I
S

?

K
E
H
T

S |
KEHTEHTSYISI = EGASASISSDNAIEEDTHMCODED
? =?

* Ik
Squares on a 6rid

How many squares can be drawn on a 4 by 4 grid?
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Sandglass Timers

When a sandglass is turned upside down, sand pours from the

top section into the bottom section. g-f
The amount of sand is measured carefully so that it takes an

exact amount of time for all the sand to fall through.

Two different sand glasses have been designed to measure times
of 9 minutes and 13 minutes respectively.

How could you use these to measure a time of 30 minutes?

AR EIAS
Inscribed Circle

A circle is inscribed in an
equilateral triangle.

Find the area of the triangle
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Triangle and Squares

A triangle is formed by joining
together three squares.

What is the sum of the three
external angles a®, b°and c°?

Jon O’Neill & Oliver Wilson, Problem Solving Wall 200



Jon O’Neill & Oliver Wilson, Problem Solving Wall 200

* %
Shaded Square

Each corner of the square is joined by

a straight line to a midpoint on the
opposite edge.

What fraction of the square is shaded?

PRAGAT

Broken Palm Tree

A vertically straight palm tree, 16 metres
tall, snaps during a storm.

The top of the palm tree now lies 8 metres
from its base.

Find the point at which the palm tree

snapped.

Jon O’Neill & Oliver Wilson, Problem Solving Wall 200




Jon O’Neill & Oliver Wilson, Problem Solving Wall 200

*

Jon O’Neill & Oliver Wilson, Problem Solving Wall 200




Jon O’Neill & Oliver Wilson, Problem Solving Wall 200

*
Product of Fractions

Work out the exact value of this product

1 2 3 4 98 99
—X=X=X=X .. — X —
2 3 4 5 99 100

* %
Shaded Rectangle

What fraction of this rectangle is shaded?

A
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Gear Wheels

Gears are used in machines to increase

or decrease rotational speed.

Find the speed in revolutions per minute
(rpm) and the direction of rotation
(clockwise or anti-clockwise) of each
lettered cog in this diagram.

The number of teeth in each cog is given.
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Chess Tournament

Eight players enter a ‘round-robin’ chess tournament.
This means that each player will play one game against each
other player in the tournament.

How many games will each player play?
How many games in total will need to be played to complete the tournament?

What if it was a ‘double round-robin’ tournament?
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*
3x3 Magic Square

Using the digits 1 to 9 inclusive, fill this
3 x 3 square so that the each row,
each column, and each of the two
diagonals, add up to the same value.

* *

4x4 Magic Square

Using the digits 1 to 16 inclusive, fill this
4 x 4 square so that the each row,

each column, and each of the two
diagonals, add up to the same value.
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Shaded Star

The diagram shows a regular
pentagonal star.

What fraction of the area of the
star is shaded?
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PRGNS
Counterfeit Coin

You have a balance-scale with two pans.

With one weighing there are three possible outcomes:
the left-side is heavier, the right-side is heavier or the
two sides have the same weight.

You are given a collection of nine coins but you know that one is counterfeit.

The coins look identical but the counterfeit coin is lighter than a normal coin.

Show how to determine which coin is counterfeit using only at most two weighings on
the balance.

RIS

Circles in a Rectangle

Two circles, of radius 17 cm and 9 cm, are

enclosed in a rectangle with a longest side
of length 50 cm.

The two circles touch each other, and each
circle touches adjacent sides of the rectangle
as shown.

Find the area of the rectangle.
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Futoshiki (standard)

Fill in the grid so that every row and
every column contains the numbers
1-4.

The ‘greater than’ and ‘less than’ signs
indicate where a number is larger or

smaller than its neighbour.

* k

Futoshiki (medium)

Fill in the grid so that every row and 3
every column contains the numbers
1-5.

The ‘greater than’ and ‘less than’ signs
indicate where a number is larger or

smaller than its neighbour.
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Millionaire?

You have won a competition.

The prize is to take home as much money as you can carry — on your own and
without any help.

There is a pile of one million S1-banknotes.

How much money can you carry?

PXOXOAS
Noughts and Crosses

How many winning lines are there in the game of noughts and crosses?

Imagine a three-dimensional game of noughts and crosses.
How many winning lines are there in this game?
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*
Decimal Weekends

A standard week of school is
5 days of school followed by a 2 day weekend

A decimal week of school is
7 days of school followed by a 3 day weekend

Which would you prefer, and why?

*
Brothers and Sisters

A boy has as many sisters as brothers, but each sister has only half as many

sisters as brothers.

How many brothers and sisters are there in the family?
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Lemonade

| mixed up some lemonade in two glasses.
The first glass had 200 ml of lemon juice and 300 ml of water.
The second glass had 100 ml of lemon juice and 200 ml of water.

e Which glass had the stronger tasting lemonade?

e How do you know?

* *

Decimal Seconds

Standard Time divides a day into 24 hours, each hour into 60 minutes, and
each minute into 60 seconds.
Decimal Time (French Revolutionary Time) divides a day into 10 decimal hours,
each hour into 100 decimal minutes, and each minute into 100 decimal
seconds

e Which is shorter, a standard second or a decimal second?

e Simplify the ratio, standard second : decimal second
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Broken Bridge

Your platoon of soldiers must cross a river.
The bridge is broken and the river is deep.
You spot two boys playing in a rowboat near the shore.
The boat is so tiny however that it can only hold two boys or one soldier.

How can you get your platoon of soldiers successfully across the river?

* k

Roman Lawyer

A Roman soldier is about to go to battle. His wife is with child.
The soldier owns 84 gold coins. He makes a will.

If a son is born, the son will inherit double the amount that the mother will
receive, whilst if a daughter is born, the mother will inherit double the amount
that the daughter receives.

The soldier goes to battle and dies.

The mother gives birth to twins, a boy and a girl.

How would you divide up the inheritance fairly?
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False Statements

The number of false statements here is one.
The number of false statements here is two.
The number of false statements here is three.
The number of false statements here is four.

Which of the above four statements is true?

*
Water Pots

A cook has two empty pots:

e A pot that holds exactly 5 litres
e A pot that holds exactly 3 litres

Show how the cook can use these two pots to measure out
exactly 4 litres of water
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Cut the Cake

Show how you can cut a traditional circular cake
into eight identically equal size pieces

using only three straight cuts.

* %k
River Crossing

A man needs to cross a river in a canoe.

With him, he has a cabbage, a goat, and a wolf.
He can only carry one of the three at a time.
If he takes the wolf, the goat will be left with the cabbage and will eat it.
If he takes the cabbage, the wolf will be left with the goat and will eat it.
How does he successfully cross the river with his load?
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Truthtellers & Liars

In a strange land there are two types of people:
Truthtellers who always tell the truth and Liars who always lie.

The first man you meet says ‘l am a Truthteller.” Now decide, is he a Truthteller or a Liar?

Later on you meet a boy and a girl.
You ask ‘How many of you are Truthtellers?’
The boy says ‘One of us is a Truthteller.” The girl immediately responds ‘That is not true.

Can you work out what type of people the boy and the girl are?

’

* %
Car Tyres

A car has five tyres — four on the road wheels and one on the spare tyre.

The car travels 30 000 km and all five tyres are used equally.

How many kilometres’ wear does each tyre receive?
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Fair Cakes

Show how to cut 3 identical circular cakes into 12 pieces so that 4 people each
receive identical portions.
Find three different ways of doing this.

You may only cut the cakes in the normal way, that is, into sectors.
Identical portions means that everyone receives their fair share with different
people receiving identical-looking portions.

* %
Weighting Room

Albert, Brenda and Carla refused to be weighed on their own so the doctor

persuaded them to be weighed in pairs instead.
e Albert and Brenda weighed 76 kg together.
e Brenda and Carla weighed 87kg together.
e Albert and Carla weighed 98kg together.
What are their individual weights?
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Exam Grades

In last year’s Maths exams

Half the class got A’s

One-third of the rest got B’s

One-quarter of the remainder got C’s
One-fifth of the others got D’s

What fraction of the class got E’s or worse?
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Cuboids

e The different faces of a cuboid have areas of 20 cm?, 24 cm” and 30 cm?.
What are the lengths of the edges and the volume of the cuboid?

e Another cuboid has a total surface area of 400 cm”.
If the base of the cuboid is 4 cm by 8 cm, what is its height?

PRORORS
Rectangular Cuts

In a rectangle ABCD the point M is the mid-point of AD. Explain how you can

e draw a straight line through the point M to divide the rectangle into two
parts with equal area

e draw a straight line through the point M to cut off one-quarter of the
total area

e draw a straight line through the point M to cut off one-third of the total
area
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Triangle Areas

Which of these triangles has the largest area?

e sides of 5cm, 5cm and 4cm
e sides of 5cm, 5cm and 5cm
sides of 5cm, 5cm and 6cm
sides of 5cm, 5cm and 7cm
sides of 5cm, 5cm and 8cm

* %
Ten-digit Numbers

A ten-digit number consists only of the digits 0,1 and 2 and consecutive digits

are different.
The number does not begin with a zero.

How many different ten-digit numbers of this type can be made?
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Hungry Goat

A goat is tethered by a 6 metre rope to the outside corner
of a shed measuring 4 metres by 5 metres in a grassy field.

What area of grass can the goat graze?

* *

Creepy Crawlies

Barney collects lizards, beetles and worms.

He has more worms than he has lizards and beetles together.
Altogether in his collection there are 12 heads and 26 legs.

How many lizards does Barney have?
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Population Growth

If a population grows by 10% of its current size each month, how long
will it take to double its size?

If a population shrinks by 10% of its current size each month, how long
will it take to halve its size?

If a population alternately grows by 10% and then shrinks by 10% in
successive months, what happens in the long run?

* Kk
Old Car

An old, broken-down car has to travel a two-kilometre route,

up and down a hill.

Because it is so old, the car travels the first kilometre, uphill, at an average
speed of 15 km/h.

How fast must it travel on the downhill part so as to achieve an average speed
of 30 km/h for the whole journey?
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Restaurant Bill

My favourite restaurant gives me a 10% discount.
But to the cost of the meal must be
added 17.5% VAT and a 12% service charge.

If the percentages are to be worked out in turn (with each percentage,
whether addition or discount, being based on the previous answer), which

order of working leaves me with the least to pay?
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Multiplication Digits 4

Use the digits 1, 2, 3, 4, 5, 6 once each to complete this multiplication.

Explain why there is only one solution

L1 O
X []
I

Multiplication Digits 5

Is it possible to use the digits 1, 2, 3, 4, 5, 6, 7 once each to complete this

multiplication? Justify your answer.

O O
[]
O O
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* *

Two Classes

e |n a class of 30 students there are 22 students who are right-handed and

there are 14 girls.
What is the smallest number of girls who could be right-handed?

e In another class, 56% of the students are girls.
What is the smallest number of students the class could contain?

* Kk
Mice & Chickens

e |[f five mice can eat five kilograms of cheese in five minutes, how long
would it take fifty mice to eat fifty kilograms of cheese?

e |f one-and-a-half chickens can lay one-and-a-half eggs in one-and-a-half
days, then how many eggs will six chickens lay in six days?
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Addition Digits 5

Work out the missing digits in these addition sums.

S [

1 4
9 3
] 9

1

Subtraction Digits 2

Work out the missing digits in these subtraction questions

1 3 [ 1 O 4
- 3 [ 6 - 7 4 []
1 3 5 7 5
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Division Digits 1

Work out the missing digits in these division questions

1 5 2 L]
7 1 O 1 3 L]

* *
How Much?

One apple and one bottle of water costs $4

Two apples and two ice creams costs S9
One ice cream and one bottle of water costs $2

e What would one apple, one bottle of water and one ice cream cost ?
e What does each item cost separately ?
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Mathlete

In a race in which there are five other runners you overtake the person in fifth
place. What place are you in now?

If you overtake the person third from last, what place are you in now?

What place are you in if you are the first person to overtake the person in last
place? Explain how this could happen.

PRAGAT

Animalympics

In 2009 Usain Bolt ran 100 metres in 9.58 seconds

In 2012 a female cheetah called Sarah ran 100 metres in 5.95 seconds
Calculate Usain Bolt’s and Sarah’s average speeds in km / h

If Sarah had run against Usain Bolt in the same race, can you estimate
how far Usain Bolt would have been behind Sarah when she crossed the

finish line? Have you made any assumptions?
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*
Addition Digits 1

Work out the missing digits in these addition sums.

8 [ 1 7
+ [ 4 + 7 [
1 7 (1 3

*
Addition Digits 2

Work out the missing digits in these addition sums.
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* ok
Subtraction Digits 1

Work out the missing digits in these subtraction questions

1 [ 3 8 3 [ 4
= 6 [ - 0O 2 0O

0 0 O O 1 8 6

%
Addition Digits 4

Work out the missing digits in these addition sums.

2 [

1 4
+ 8 4
2 [ 2
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DAY
Division Digits 2

L O
12, 6 [0 8

Halfway between...

Which number is halfway between 1 and 3

Which number is halfway between 1 and 4
Which number is halfway between 1 and 10
Which number is halfway between 0.1 and 0.2
Which number is halfway between — 3 and 5

: : 1 1 : 1
Which number is halfway between > and " (the answer is not 3 )
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PROA S
Multiplication Digits 2

Find all the solutions to these multiplication questions

and prove that you have found them all

2 [ 1 [
[] X 6
2 [ 4 3 O 2

RO ORS
Multiplication Digits 3

Find all the solutions to these multiplication questions

and prove that you have found them all

1 6 [ (1 6 [
[] X []
4 [] 5 1 7 0O 3

Jon O’Neill & Oliver Wilson, Problem Solving Wall 200




Jon O’Neill & Oliver Wilson, Problem Solving Wall 200
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RO GHRS
Clock Angles

What angle does the minute hand turn through between 2:00 and 2:30
What angle does the hour hand turn through between 3:00 and 3:30
What is the angle between the two hands of a clock at 4:30

Give another time when the angle between the two hands is the same as
when the time is 4:30

*
Addition Digits 3

Work out the missing digits in these addition sums.

Explain why there is only one solution for each question.

1 5 (] 3
] + 2 [
[] 1 O

Jon O’Neill & Oliver Wilson, Problem Solving Wall 200




Jon O’Neill & Oliver Wilson, Problem Solving Wall 200

*
Time to Think

Which is longer ?

e one million seconds or ten days
e one million minutes or one hundred weeks

e one million hours or a century

*
Factorial Time

I'is the factorial symbol

6!means1 X2X3X4X5%X6

e How longis 4! hours
e How longis 5! minutes
e How longis 10! seconds
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* %
Multiplication Digits 1

Find all the solutions to these multiplication questions

and prove that you have found them all

L1 4 L1 7
[]
2 [ 8

* %
xxxx Party

| am 33 years, 33 months, 33 weeks and 33 days old.

How old, in years, was | on my last birthday?

When is your next x years, x months, x weeks, x days celebration party ?
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